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Recently we have obtained a non-perturbative but convergent series expression of the one loop 
effective action of QED, and discussed the renormalization of the effective action. In this paper we 
establish the electric-magnetic duality in the quantum effective action. 



PACS numbers: 12.20.-m, 13.40.-f, ll.lO.Jj, ll.15.Tk 



The effective theory of QED plays a crucial role in 
our understanding of the non-linear effects in electrody- 
namics. Recently we have obtained a convergent series 
expression of the effective action of QED in one loop ap- 
proximation, and established the renormalization group 
invariance of the effective action [||. A remarkable fea- 
ture of the effective action is the electric-magnetic du- 
ality,a fundamental symmetry of the quantum effective 
action of QED. The purpose of this paper is to provide 
a concrete proof of the duality in the effective action of 
QED. 

The effective action of QED has been studied by Euler 
and Heisenberg and by Schwinger long time ago |^,^,and 
by many others later |^,||.To derive the effective action 
one may start from the QED Lagrangian 
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where to is the electron mass. With a proper gauge fixing 
one can show that the electron one loop correction of the 
effective action is given by 

A5' = ilnDet(zp-TO). (2) 
So for an arbitrary constant background one has |,| 
AC = -^ — coth(at)cot(5t)exp(-TO^i), (3) 

where 



a= -y^F^ + {FF)^+F^, 



b= -\I\/F^ + {FFf -F"^. 



Notice that the above contour of the integral is dictated 
by the causality. Although the integral expression (3) 
looks innocent, it has been non-trivial to perform the in- 
tegral for an arbitrary constant background ^,^.But we 
can integrate this and obtain a convergent series expres- 
sion of the effective action with the help of the Sitara- 
machandrarao's identity ||], 

xy coth X cot y = 1 H — [x"^ — y^) 
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A preliminary version of the identity which was expressed 
as a divergent asymptotic series was obtained by Ra- 
manujan, and Sitaramachandrarao improved the identity 
in the above convergent series expression. To carry out 
the integral (3) and express it as a convergent series ex- 
pression we need the Sitaramachandrarao's identity. In- 
deed with the identity we obtain the following one loop 
effective action for an arbitrary constant background (af- 
ter the modified minimal subtraction) 
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where fi is the subtraction parameter, and ci(a;), si(a;), 
and Ei(— 2:) are the cosine, sine, and exponential integral 
functions given by (for Re a: > 0) 
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Notice that our series expression of the effective action is 
non-perturbative but convergent. 

The effective action (5) nicely reproduces the well- 
known imaginary part when & 7^ [| 
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This is because the exponential integral function Ei(— a;) 
in (5) develops an imaginary part in after the analytic 
continuation from —x to a; [y . The important point here 
is that one should make the analytic continuation in such 
a way to preserve the causality, which determines the sig- 
nature of the imaginary part in (7). The physical mean- 
ing of the imaginary part is well known . The electric 
background generates the pair creation, with the proba- 
bility per unit volume per unit time given by (7). 

Another important aspect of the effective action is 
the logarithmic correction ln(m//x)^ of the classical part 
of the action. This indicates that even the classical part 
of the action gets the quantum correction. One might 
think that this correction is unphysical and should dis- 
appear after the renormalization, since one can remove 
this logarithmic correction by choosing fi = m. But this 
is not true. Indeed it has been shown that there exists a 
real physical quantum correction to the classical part of 
the action even after the renormalization [Q. 

Notice that in the pure magnetic and the pure electric 
background the effective action (5) reduces to 
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and to 
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where 



Ei(x) = ^(Ei(a; -I- ie) + Ei(a; - ie)^ 
= Re Ei(a;). (x > 0) 



(10) 



Although the above effective actions for the pure electric 
and the pure magnetic backgrounds look totally different, 
they are actually very closely related. In fact one can 
show that they are the mirror image of each other, so that 
one can obtain one from the other simply by making a 
dual transformation 0| . This is a first indication that the 
quantum effective action has a fundamental symmetry 
which we call the duality. /n general the duality asserts 
that the effective action of QED is manifestly invariant 
under the dual transformation, 
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This means that the effective action, as a function of 
z = a + ib, is invariant under the reflection from z to 
—z. Notice that, in the Lorcntz frame where E is parallel 
to i3, a becomesB and h becomes E. So the duality 
describes the electric-magnetic duality. 

One might think that the duality is obvious since it 
immediately follows from the integral expression (3). But 
we emphasize that this is not so. In fact the integral ex- 
pression is invariant under the four different transforma- 
tions, 
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But among the four only our duality (11) survives as the 
true symmetry of the effective action. This tells that the 
duality constitutes a non-trivial symmetry of the quan- 
tum effective action. 

To establish the duality it is important to realize that 
the dual transformation automatically involves the an- 
alytic continuation of the special functions ci(a;), si(a;). 
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and Ei{—x) in (5). So one must find the correct analytic 
continuation to establish the duality in the effective ac- 
tion. To do this we observe from (6) that M 
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Notice that although ci(a;) and si{x) look like an even and 
odd function respectively, they are not. This is because 
Ei(x) has the branch cut along the positive real axis. 
From (13) we have for a positive real x 



and 



d{±ix) = i(Ei(-a;) + Ei(x)) ± i| 
si(±zx)-±i(Ei(-a;)-Ei(x))-|, 



Ei(±ia:) — ci{x) ± i si{x). 
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Furthermore from (10) and (13) we have (for a positive 
real x) 



Ei{ix) = ^(F,i{ix) +Ei^+\ix) 
— Ei(ia::) + iir 



Ei{-ix) = -(Ei^^'>{-ix) +Ei{-ix) 
= Fii{—ix) — in, 



(16) 



where Ei^^^(±ix) are Ei(±ja;)on the (±l)-th Riemann 
sheets. 

With the above preliminaries we can now establish 
the duality. To do this let us express the effective action 
(5) as 
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From this we have 



On the other hand under 

b —>■ ±ia or y ^ ^ix 

we have from (15) and (16) 
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fi{nx) f2{ny) for a -ib, 
fiinx) ^ f2{ny) — in exp[—ny) for a ^ +ib. (20) 
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+ — (^ci(a;) ^ i si{x) ^ in + in 

^ cos(na;) ± i sin(n.T)^ 
= ^ci(nx) + — (tt =p tt)^ cos(nx) 
+ (si{nx) + ^(tt ^ 7r)j sin(nx). (22) 

From this we have 

f2{ny) fi{nx) for b -> +ia 
f2{ny) —>■ fi{nx) + in exp{—inx) for b — > —ia. (23) 

From these it must become clear that the effective ac- 
tion is invariant under the dual transformation (11). As 
importantly the above analysis shows that the effective 
action is not invariant under the other three transforma- 
tions of (12). This establishes the duality in the quantum 
effective action in QED.It is really remarkable that the 
quantum effective action is invariant only under our dual- 
ity (11), even though the integral expression (3) appears 
to be invariant under the four different transformations 
(12). 

One can obtain the similar results for the scalar QED. 
In this case the integral expression of the one loop cor- 
rection is given by 
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To perform the integral we need a new identity similar 
to the Sitaramachandrarao's identity (4) 
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Again a preliminary version which was divergent was ob- 
tained by Ramanujan but we have improved the Ra- 
manujan's identity and obtained the above convergent 
series With this identity we can integrate (24) and 
express the effective action as (with the modified minimal 
subtraction) 
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With this it is now straightforward to establish the dual- 
ity in the effective action of the scalar QED. Indeed from 
(20) and (23) it must be clear that the effective action 
is invariant under the dual transformation (11). Notice 
again that the integral expression of the effective action 
(24) is invariant under the four different transformations 
(12), but the quantum effective action (26) is invariant 
under only our duality (11). 

In the pure magnetic background the one loop effec- 
tive action (26) reduces to M 
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and to 
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Now, it is clear that we can obtain one from the other by 
the dual transformation (11). So one need to know only 
the effective action for the pure magnetic background 
to know the effective action for the pure electric back- 
ground, and vise versa. This demonstrates the power of 
the duality. 

In this paper we have established the electric- 
magnetic duality in the quantum effective action of the 
standard QED and the scalar QED. From the physical 
point of view the existence of the duality in the effective 
action is perhaps not so surprising. But the fact that this 
duality is borne out from our calculation of one loop ef- 
fective action is really remarkable. We expect the duality 
to bean exact symmetry of the quantum effective action 
of gauge theories for an arbitrary n-loop approximation. 

One can show that exactly the same duality exists in 
non-Abelian gauge theories, in particular in QCD So 
it must be clear that the duality is a fundamental symme- 
try of the quantum effective action of the gauge theories, 
both Abelian and non-Abelian. This means that we can 
use the duality as a consistency check of the correctness 
of the quantum effective action of gauge theories. A more 
detailed discussion on the subject will be published else- 
where [p^ . 
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